We prove that the power series expansion of the rational function of Gillis, Reznick and Zeilberger (1983) has only nonnegative coefficients.
Introduction
Deciding whether a multivariate rational function has all positive coefficients in its Taylor expansion around the origin is a classical topic dating back to Szegö (1933) , with multiple open conjectures. Recently much progress has been made, including Scott and Sokal's (2014) insightful solution of the Lewy-Askey problem which shows that the expansion of (1 − 4 i=1 t i + (2/3) 1≤i<j≤4 t i t j ) −1 has only positive coefficients. There is also a long-standing conjecture of Gillis, Reznick and Zeilberger (1983) which states that for r ≥ 4 the expansion of
has only nonnegative coefficients (henceforth, the GRZ conjecture). Using symbolic computation, Kauers (2007) has shown that the GRZ conjecture holds for r = 4, 5, 6. This is extended by Pillwein (2019) to r = 7, . . . , 17. We take a less computerintensive approach and are able to prove the GRZ conjecture in full. A new ingredient in our method is analyzing the locations of roots of some real-rooted polynomials derived from the GRZ rational function. Such analyses can conceivably be performed on other rational functions and resolve similar positivity questions.
In Section 2 we present our proof. For related results, see, for example, Straub and Zudilin (2015).
Proof of Main Result
Lemma 1. For r = 2, 3, . . . we have the following formal power series
Proof. Multiply and compare coefficients.
Lemma 2. Assume a = r, b ≤ (r − 1) r−1 and r = 2, 3 . . .. Then (1) has all positive coefficients as a univariate power series in t.
Hence g(t) = 0 has at least one positive solution, say t 0 , and we may write
Since t 0 > 0, b > 0 and r − bt r−1 0 = 1/t 0 > 0, upon inverting t 0 − t and the other term separately we see that g −1 (t) has all positive coefficients. Lemma 4. Let e 1 = r i=1 t i , e r = r i=1 t i and let c = r r r!/(r − 1) r−1 . Let k, l be nonnegative integers such that k + l ≥ 2. Then for r ≥ 8, the r-variate polynomials in t 1 , . . . , t r defined by (e r 1 − ce r ) k e rl 1 have positive coefficients only.
Proof. We only need to show that (e r 1 − ce r ) k e rl 1 has positive coefficients with (k, l) = (1, 1), (2, 0) or (3, 0) . The cases with larger k and l can then be obtained by multiplying suitable copies of these three. Consider (k, l) = (1, 1) which corresponds to e 2r 1 − ce r e r 1 . For β i ≥ 1 such that r i=1 β i = 2r, the coefficient of t β 1 1 · · · t βr r in e 2r 1 − ce r e r 1 is given by 2r β 1 ,...,βr − c r β 1 −1,...,βr−1 , which is positive because (2r)!/(r!β 1 . . . β r ) ≥ (2r)!/(r!2 r ) > c for r ≥ 7. We omit similar proofs in the other two cases, which entail r ≥ 8. The claim follows from the induction hypothesis.
Theorem 1. If r ≥ 8 then the expansion of (1 − r i=1 t i + r! r i=1 t i ) −1 as a power series in t 1 , . . . , t r around the origin has only nonnegative coefficients.
Proof. Define a = e 1 = r i=1 t i and b = r!e r = r! r i=1 t i . By Lemma 1, we only need to show that for n ≥ 0 and l = 0, . . . , r − 1 the polynomial in t 1 , . . . , t r defined by
has only nonnegative coefficients. This is trivial for n = 0. For n = 1, we need to show that, for l = 0, . . . , r − 1, all coefficients of e l 1 (e r 1 − (l + 1)r!e r ) are nonnegative, which can be verified by similar arguments as in the proof of Lemma 4. Suppose n ≥ 2. By Lemma 3, there exist α 1 , . . . , α r ∈ (0, r r /(r − 1) r−1 ) such that p(t 1 , . . . , t r ) = a l n i=1 (a r − α i b) which, by Lemma 5, has only positive coefficients as a polynomial in (t 1 , . . . , t r ), assuming r ≥ 8.
